Abstract. We show that there is no blowup solutions, for positive viscosity constant , to the equation fxxt 0fxxxx+ffxxx 0 fxfxx = 0; x 2 (0; 1); t > 0 with (i) periodic boundary condition, or (ii) Dirichlet boundary condition f = fx = 0 or (iii) Neumann boundary condition f = fxx = 0 on the boundary x = 0; 1. Furthermore we show that every solution decays to the trivial steady state as t goes to innity.
Introduction
We consider the Proudman{Johnson equation, for f = f (x; t), (DBC) f (0; t) = f(1; t) = f x (0; t) = f x (1; t) = 0 ;
(NBC) f (0; t) = f (1; t) = f xx (0; t) = f xx (1; t) = 0 :
Here > 0 is a constant called viscosity, t the time variable, x the space, and subscripts stand for dierentiation. Equation (1.1) is derived from the Navier{Stokes equations by assuming a special form of the velocity eld u(x; y; t) = (f; 0yf x ) and considering the ow in a two-dimensional channel; see [5, 9, 13, 8, 1, 3, 4, 7, 12] and the references therein. The boundary condition (DBC) corresponds to the Dirichlet boundary condition u = 0. The boundary condition (NBC), having its own meaning in the Navier{Stokes ow, can also be derived from a magneto-hydrodynamic ow (see, for example, [6] ). The periodic boundary condition (PBC) is often used in numerical simulations.
Childress et. al. [1] in 1989 rst reported that numerical solutions to (1.1) and (DBC) with large initial data blow-up in nite time. Later Cox [3] claried that grid renement could remove singularities. Grundy and McLaughlin [4] , on the other hand, considered a non{homogeneous version of (NBC), demonstrated numerically the existence of blow-up solutions, and also derived asymptotically the singular behavior of the solutions near blow-up time. Recently, Okamoto and Sh oji [10, 11] and Zhu [14] claimed that they cannot nd any numerical blow{up solutions of (1.1) and (DBC). Very recently, Okamoto and Zhu [12] provided strong evidence showing that there is no blow-up for (1.1) with the homogeneous boundary conditions. Since the work of Childress et. al. [1] , it has been asked repeatedly whether solutions to (1.1) and (DBC) blow-up in nite time or not (see, for example, Constantin [2] ). The purpose of this paper is to answer such a question. In a forthcoming paper, we shall prove the global (in time) existence of solutions for the generalized Proudman{Johnson equation (see [12] We assume that f 0 6 0, so that f (1; t) 6 0 for all t in its existence interval. We use k1k p to denote the L p ((0; 1)) norm, for 1 p 1.
Step 2. First we show that max jfj can be estimated by the minimum of f xxx . For this, we introduce Step 3. Now we show that m(t) is bounded from below, uniformly in t.
Dierentiating (1.1) with respect to x and setting u = f xxx we obtain (ii) Next, suppose we have (NBC), the Neumann boundary condition. From (1.1), we see that u x = f xxxx = 0 at the boundary x = 0; 1, so that the minimum of u cannot be obtained at the lateral parabolic boundary. Hence, (2.2) still holds.
(iii) Finally we consider (DBC), the Dirichlet boundary condition. For this, we need more work than that in the early cases.
Integrating ( for all t in its existence interval. From this, we see that any solution will not blow up, and exists globally in t.
Step 4. Now we show that any solution decays to zero as t ! 1. Step Step This gives a bound on sup t0 kf x (1; t)k 2 .
In a similar manner, e.g., multiplying the dierential equation for In a similar manner, the right-hand side of (2.8 The higher order derivatives can be similarly estimated. We omit the details. This concludes the proof.
